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Abst rac t - -By  constructing available operators, ome new existence theorems of positive solutions 
are obtained for a class of three-point boundary value problems 
u"+Ah(t)f(t,u)=O, 0<t<l ,  
~(0)  - Z~' (0 )  = 0, u(1)  = ~(~), 
where f is allowed to change sign, ~ C (0,1). The associated Green's function for the above problem 
is also given. (~) 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The multipoint boundary value problems of differential equations or difference quations arise 
in a variety of different applied mathematics and physics. The study of multipoint boundary 
value problems for linear second-order ordinary differential equations was initiated by Ii'in and 
Moiseev [1] motivated by the work of Bitsadze [2] on nonlocal inear elliptic boundary problems. 
Since then, nonlinear multipoint boundary value problems have been studied by several authors, 
for example, see [3-6] and their references. In [7], the three-point boundary value problem 
~"(t) + a( t ) / (~)  = o, o < t < 1, (1.1) 
~(0) = 0, ~(1) = ~(~) ,  (1.2) 
is considered, where a > 0, r~ 6 (0, 1), cHj < 1, a 6 C([0, 1}, [0, oc)), and f 6 C([0, oz), [0, oz)) 
is suplinear or sublinear. Reference [7] showed the existence of at least one positive solution for 
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BVP (1.1),(1.2) by applying the Krasnosel'skii fixed-point theorem on the condition that a(t) >_ O, 
f (u) > O. Recently, Raffoul [8] generalized BVP (1.1),(1.2) to 
u"(t) + Aa(t)f(u) = 0, 0 < t < 1, 
u(0) = 0, u(1) = au(u), 
(1.3) 
(1.4) 
where 0 < U < 1, 0 < c~ < 1/U , a E C([0, 1], [0, co)), and f E C([0, c~), [0, c~)). In [8], the author 
obtained the existence of at least one positive solution for BVP (1.3),(1.4) when f is not required 
to be either sublinear or superlinear. All the above works were done under the assumption that 
the nonlinear term is nonnegative due to applying the concavity of solutions in the proofs. 
In this paper, we consider the following three-point boundary value problem: 
u"(t) + Ah(t)f(t,  u) = O, 0 < t < 1, 
u(0) -/3u'(0) = 0, u(1) = au(u), 
(1.5) 
(1.6) 
where the nonlinear term f is continuous and is allowed to change sign. By constructing available 
operators, we combine the method of lower solution with the method of topology degree and show 
that BVP (1.5),(1.6) has at least one positive solution with certain growth conditions imposed 
on f. In this way we removed the usual restriction on f .  
2. PREL IMINARY 
Before the statement of our main results, we give some lemmas which are needed later. 
LEMMA 2.1. Suppose that (1 - ~)  +/3(1 - a) ~ 0, y(t) E C[0, 1], then BVP 
u" + y(t) = O, 
~(0)  - /3~' (0 )  = 0, 
O<t<l ,  
u(1) = o~uO/), 
(2.1) 
(2.2) 
has a unique solution 
u(t) = - - s)y(s) ds + (1 - a~/) +/3(1 - a) (1 - s)y(s) ds 
~(t +/3) fo ~ (1  - aU) /3(1 - a) (U - s)y(s) ds. 
(2.3) 
PROOF. Integrating both sides of (2.1) on [0, t], we have 
// ~'(t)  = - y(~) d~ + ~'(0).  
Again integrating (2.4) from 0 to t, 
f u(t) = - (t - s)y(s) ds + u'(O)t + u(O). 
By (2.2), we get 




Then Lemma 2.1 is proved. 
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LEMMA 2.2. Suppose (1 - at/) + #(1 - a) # O, then the Green's function for the BVP 
-u"  = 0, 0 < t < 1, (2.7) 
u(O) - -  #u'(0) = 0, u(1) = au(~),  (2.8) 
is given by 
(s + #)[(1 - t) - a (7  - t)] 
(1 - a7) +f l (1  - a) ' s<_t, s<_7; 
(s +#)(1  - t) + a ( t -  s)(7 +#) 
(1 - aT) + #(1 - ~) , 7 < s <_ t; 
a(t, s) = (t + #)[(1 - s) - a (v  - s)] 
(1 - c~7) + #(1-  c 0 ' t < s < 7; 
(t + #)( I  - s) 
( l _aT)+f l ( l _c0 ,  s>>_t, s>_r I. 
(2.9) 
PROOF. If t _< 7, the unique solution (2.3) can be stated from Lemma 2.1 
~0 t t-~-# ~01 u(t) = - (t - s)y(s) ds + (1 - aT) + #(1 - a) (1 - s)y(s) ds 
~(t + #) fo" - (1 - aT)  fl(1 - a) 0 / -  s)y(s) ds 
~0 t I t ( t+#)(1 -s )  y(s)ds = - ( t -  s )y(s )  ds + (1 -~-T -4 -#~-  ~) 
n (t H- f l ) ( l  - s) ~z (t H- #)(1 - s) 
[~ -~( t  + #) (7 -  ~) , , ,  ' -~( t  + #) (7 -  ~) "s '"  ( f~-~) -~( i - - -  )y[s)as + / ( i~-~-~-~:~)y[  )as + 
o t t n (s + #)[(1 - t) - a (7  - )] y(s) ds H- f (t + #)[(1 - s) - a (7  - s)] y(s) ds 
1 (t H- #)(1 - s) 
+ (1 -~-~)T?Ti--~) y(~)d~ 
Similarly, if t _> 7, the unique solution (3.3) can be stated 
o n ( s+#)[ (1 - t ) -a (7 - t ) ]  , ,  L t ( s+f l ) (1 - t )+a( t - s ) (7+#)y(s )d  s 
1 (t + #)(1 - s) "s" ds. 
+ f ( l : J~bT?g:~)  y< 
Therefore, the unique solution of (2.1),(2.2) is u(t) = f l  o G(t, s)y(s) ds. Lemma 2.2 is proved. 
Let w(t) : f3 G(t,s)h(s)ds. Obviously, w(t) is the unique solution to BVP  (2.1),(2.2) for 
y(t) : h(t). 
LEMMA 2.3. Let X = C[0, 1], K = {u E X : u(t) >_ 0}. Suppose T : X ~ X is completely 
continuous. Define 0 : TX  --~ K by 
(ey)(t) = maxD(t), ~(t)}, for y e TX,  
where w E Cl[O, 1], w(t) > 0 is a given function. Then 
OoT:X- -+K 
is also a completely continuous operator. 
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PROOF. The complete continuity of T implies that T is continuous and maps each bounded 
subset in X to a relatively compact set. Denote Oy by ~. 
Given a function h • C[0, 1], for each e > 0 there is 6 > 0 such that 
Since 
we have 
I ITh-Tg[[<e, fo rg•X,  [ Ig -h ] [<6.  
[(0Th) (t) - (OTg)(t)[ = [ max{(Th) (t), w(t) } - max{ (Tg) (t), w(t) }[ 
<_ [(Th)(t) - (Tg)(t)[ < e, 
H(OT)h - (OT)g[[ < e, for g • X, [[g - h[[ < 6, 
and then 0T is continuous. 
For an arbitrarily given bounded set D C X and Ve > 0, there are yi, i = 1 , . . . ,  m such that 
TD C U B(y~, e), 
i= l  
where B(yi,s) = {u • X :  [ [u -  Yi[I < e}. Then, V~(t) • (0 oT)D, there is y • TO such that 
~(t) = max{y(t),w(t)}. We choose one y~ • {Yl,. . .  ,Y-~} such that []y -Yi[[ < e. The fact 
max [~(t ) -  ~i(t)[ < max [y ( t ) -  yi(t)l 
O~t<C1 - -  O<Ct<C 1
Then (0 o T)D has a finite s-net, and therefore, (0 o T)(D) is relatively implies ~ • B(~,  e). 
compact. 
3. EX ISTENCE OF  SOLUTION 
Let X -- C[0, 1] and K = {u e X :  u(t) > 0}. Denote by N' II the supremum norm on Z.  
Suppose the following conditions are satisfied: 
(H1) a ,~>0,0<~<l ,a<l ;  
(H2) f :  [0, 1] x [0, c~) --* R is continuous; 
(H3) h(t) is a nonnegative measurable function on [0, 1], 0 < f~ h(t) dt < co. 
If (H1) holds, then (1 - aV) + ~(1 - a) > 0. We claim G(t, s) >_ 0, here G(t, s) given in (2.9) 
is the Green function for (2.7),(2.8). In fact, the conclusion is trivial in the case that r /< s <_ t 
o rs_>t ,s>~.  I f s<t ,s<7,  weget that  
G(t,s) = (s +~)[ (1 - t )  - a (~- t ) ]  > 0 
- 
by reason of 1 - t _> a(V - t). Similarly, in view to 1 - s > a(V - s), we have G(t, s) > 0 for 
t < s < 7. So G(t, s) _> 0 in all cases. Moreover, u(t) = f01 G(t, s)y(s) ds, here u(t) is the unique 
solution of BVP (2.1),(2.2). Then for y(t) = 1, we have 
a(t ,  ~) d~ = - (t - ~) d~ + (1 - ~)  + ~(1 - ~) (1 - s) ds 
~(t + ~) F 
- (1 -ar / )+f l (1 -a )¢o  (~-s) ds 
1 (t + ~) (1 - ~)  
--2 t2 + 2[(1 - a~) + fl(1 -- a)] < c~, t E [0, 1]. 
By the Hhlder inequality, we have f l  o [G(t,s)h(s)]ds <_ (f2 [G(t,s)[2)l/2(f~ [h(s)[2) 1/2 < oo, 
t e [0, 1]. Let A = max0<t<l f2 G(t,s)h(s) ds. We suppose (H1)-(H3) hold throughout he 
paper. 
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THEOREM 3. i. Suppose there are r > M > 0 such that 
M ?~ 
0< =a<b= 
min0<t< 1 f(t, Mw(t)) A max f(t, u)" 
O<t<l 
Mw(t)<u<r 
Then BVP (1.5), (1.6) has at least one positive solution ul (t) satisfying 
o < M~(t )  <_ ~l(t),  o < t < 1 and I1~I[ <- r, 
if/k • [a, b]. 
PROOF. Let 




(Tu)(t) = A G(t,s)h(s)f*(s,u(s))ds, 0 < t < 1. (3.3) 
Then T is on K a completely continuous operator. For the operator 0 : X --~ K defined by 
(0u) (t) = ma~{u(t), 0}, (3.4) 
Lemma 2.2 implies that 0 o T : K --* K is also completely continuous. 
Take ~ = {u C K :  Ilull < r}. Given u C 0f~, set I = {t C [0, 1]: f*(t,u(t)) >_ 0}. Then 
{/0 } (0 o T)u(t) = max A a(t,s)h(s)f*(s,u(s))ds, O 
<- % ./i G(t, s)h(s)f*(s, u(s)) ds 
<_ b max f*(t,u) [ G(t,s)h(s)ds 
O<t<l JI 
0<u<r  
< Ab max f(t, u) 
0<t<l  
Mw(t)<u<r 
~r .  
If there is a u E 012 such that (8 o T)u = u, then 0 o T has a fixed point in ~. Suppose for 
Yu E Of~, (0 o T)u # u, it follows that 
degK{/ - -  0 o T, ~t, 0} = 1, 
where deg K stands for the degree on cone K. Then 0 o T has a fixed point in ~. So in both the 
cases 0 o T has a fixed point ul in Ft. 
We claim that 
(Tul)(t) > Mw(t), t e [0, 1]. (3.5) 
Otherwise, there is to E [0, 1] such that 
Mw(to) - (Tul)(to) = max {Mw(t) - (Tul)(t)} = L > 0. (3.6) 
O<t<l 
Now we prove to E (0, I). Suppose the contrary, if to = O, then Mw~(O)  - (Tul)1(O) < O. Since 
both Mw(t) and (Tul)(t) satisfy the boundary condition (1.6), we have 
IMp(0)  - (T~I ) (0 ) ]  - ~ IMp ' (0 )  - (T~I ) ' (0 ) ]  = 0, 
J" f ( t ,u) ,  u >_ Mw(t), 
f*(t,u) (3.2) / f(t, Mw(t)), u < Mw(t), 
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which contradicts (H1). If to = 1, similarly it contradicts (1.6), 
Mw(1) - Tul(1) = a[Mw(~) - Tul(7/)]. 
So to E (0, 1), and 
We prove now 
Mw'(to) - (Tul)'(to) = O. 
Mw(t) > TUl(t), t E [0,1]. 
Otherwise, there exist tl 6 [0, to) U (to, 1] such that 
Mw(t l ) -Tu l ( t l )=O and Mw(t ) -Tu l ( t )>O,  tE(t l , to]  or rE[to, t1). 
Without loss of generality, we suppose tl E [0, to). Then for t E (tl, tol, 
Mw'(t) - (Tul)'(t) = Mw'(to) - (Tul)'(to) - [Mw'(s) - (Tul)'(s)]' ds 
= .f*°[M - Aft(s, Ul(S))] ds 
<_ O, 
i.e, Mw'(t) - (Tul)'(t) < O, and then 
Mw(to) - Tul(to) E Mw(tz) - Tul(tl) = O, 
a contradiction to (3.6). So (3.7) holds. 
However, 
Mw(to) -  (Tul)(to) = ]o 1 /o 1 G(to, s)h(s)Mds - A G(to, s)h(s)f*(s, ul (s)) ds 
=/n  1 G(to, s)h(s) [M - Aft(s, Ul(S))] ds 
= O, 




So (3.5) holds. Then (0 o T)Ul -- Tul = ul and ul(t) is a solution of 
Suppose f(t, O) >_ O, h(t)f(t, O) ~ O, and there is r > 0 such that 
T 
b- -A  max f(t ,u) > 0. (3.8) 
O<t<l  
og~ 
PROOF.  Let 
f(t,u), 
I * ( t ,u )  = 
[ f ( t ,  O) - u, 
In a similar way, we  can get the conclusion. 
0 < llulll -< r. 
u >__ O, (3.9) 
u < O .  
Then when A < b, BVP (1.5),(1.6) has at least one positive solution ul(t) satisfying 
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COROLLARY 3.1. Suppose there is M > 0 such that 
M 
a = min0<t<l f(t, Mw(t)) > 0 (3.10) 
and 
lira max0<,<l f(t,u) < O, 
u--~oO 7£ 
then for A > a, BVP (1.5),(1.6) has at least a positive solution ul with 
0 < Mw(t) < ul(t), t1 111 < co. 
(3.11) 
PROOF. It suffices to show that for V b > a, there is r > 0 such that 
b< 




Fix b > a > 0. Condition (3.11) implies that there is L > 0 such that 
maxo<t<l f(t, u) 1 
< foru> L, 
and there exists r > L such that 





max f(t, u) 
o<~<l 
Mw(t)<u<r 








and in turn (3.12) holds. Applying Theorem 3.1, we proved this corollary since b > a is arbitrary. 
COROLLARY 3.2. Suppose condition (3.11) holds and 
f(t,O)>_O, h(t)f(t,O)~O, te(O, 1), 
then for VA C R, BVP (1.5),(1.6) has at least a positive solution ui with 0 < I]ulll < co. 
PROOF. Condition (3.8) can be deduced from (3.11) for V5 > 0, a in Corollary 3.1. Then 
Theorem 3.2 implies this corollary. 
REMARK 3.1. Theorem 3.1 and Corollary 3.1 can be applied to the case f E C([0, 1] x (0, co), R), 
i.e., f is singular at u = 0. 
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